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SUMMARY

Multiplicative noise presents a distinct challenge in image pro-
cessing problems. While seismic noise has conventionally
been considered additive noise, in recent years, multiplica-
tive speckle noise has been recognized as caused by small-
scale scattering in the near surface. We scrutinize multiplica-
tive noise’s phase and amplitude characteristics across time
and frequency domains by extending the previous analysis to
broadband data. Theoretical analysis and numerical experi-
ments show that while stacking-based processing can effec-
tively neutralize additive noise, it struggles against the com-
plexities of multiplicative noise.

INTRODUCTION

When faced with complex near-surface conditions, single-sen-
sor land seismic data often exhibit intricate noise patterns (Fig-
ure la). Employing local stacking techniques, whether via
a geophone array in the field (Figure 1b) or during process-
ing, significantly mitigates noise levels but at the cost of no-
table amplitude attenuation, particularly at higher frequencies.
Bakulin et al. (2022) recognized that reflection distortions cau-
sed by small-scale scattering play a significant role in this com-
plexity and introduced the notion of seismic speckle noise.
This type of noise, akin to phenomena observed in optics and
acoustics (Abbott and Thurstone, 1979); (Derode and Fink,
1998); (Goodman, 2007), distorts the signal through multi-
plicative factors, complicating the success of suppression ef-
forts in preserving the signal integrity. Multiplicative noise
with random perturbations is new to the seismic field, but this
kind of phase perturbation is well-established in optics, acous-
tics, and ultrasonic imaging. Goodman (2007) established a
multiplicative noise model, focusing on monochromatic speckle
noise. Building upon this theoretical foundation, Bakulin et al.
(2022) introduced a similar mathematical model tailored for
broadband seismic traces characterized by general multiplica-
tive noise, identifying two main forms: random phase pertur-
bations and random time shifts (i.e., residual statistics).

Understanding both additive and multiplicative noise is critical
for advancing seismic data analysis. In this paper, we aim to
examine these noise’s phase and amplitude impacts across time
and frequency domains. Dissecting their influences and differ-
entiating between different types of noise can help unravel the
effect of noise on various signal processing techniques, notably
stacking, an essential aspect of seismic signal processing and
imaging.

We scrutinize amplitude and phase spectra changes to investi-
gate the implications of noise perturbations on seismic signals.
Additionally, we consider the role of stacking in mitigating
noise effects and use simple numerical experiments to analyze
residual phase distributions. Our objective is to refine the un-
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derstanding of noise within seismic data analysis, employing
data-driven diagnostics to distinguish between noise types and
enhance seismic data processing strategies.
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Figure 1: Field data recorded in a desert environment with (a)
single sensors; and (b) with 72-geophone arrays (from Bakulin
et al. (2022)).

NOISE MODELS

Additive noise model

This model introduces additive white noise to the seismic traces.
The following formula represents a seismic trace xi(¢) with
noise:

xie(1) = s(1) + (1), M
where s(7) is the clean signal and ny(t) is the additive noise.

Multiplicative noise model

This model applies multiplicative noise to seismic traces within
the Fourier domain as

X () = S(0) * Ry (o), @)

where S(®) is the clean signal and Ry(®) denotes the multi-
plicative noise. Equation (2) can model two types of multi-
plicative noise: random phase perturbations and random time
shifts, with both assumed to follow a normal distribution akin
to that observed in seismic field data, as follows:

Ri(w) = Vit o), 3)

Here, y; represents phase perturbations varying independently
across frequencies within a trace. This leads to complex signal
changes of the ballistic arrivals in the time domain consistent
with the field observations in complex regions. In contrast,
residual statics introduce linear phase shifts proportional to a
constant time delay 7 for each trace. We emphasize the crucial
observation that both types of noise solely perturb the signal’s
phase in distinct ways while preserving the signal amplitude.

SIMULATING ADDITIVE VS MULTIPLICATIVE NOISE

We utilize numerical simulations to produce traces with a sin-
gle Klauder wavelet, assembling 100 clean traces and modify-
ing them by applying additive and multiplicative noise. Fig-
ure 2 showcases these ensembles, each comprising 100 traces
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Figure 2: An ensemble of 100 traces affected by various
noises, each with a consistent SNR of -1.2 dB: (a) traces with
additive Gaussian noise; (b) traces with random multiplicative
noise, characterized by standard deviations /3 for phase per-
turbation and 4 ms for residual static. A Klauder wavelet rep-
resents the signal in each trace.
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with an SNR of -1.2 dB for both noise types. Phase perturba-
tions and residual statics follow a zero-mean normal distribu-
tion, with standard deviations of /3 and 4 ms, respectively.
These parameters ensure that the SNR, when calculated us-
ing the clean trace as the reference, matches the -1.2 dB noted
in cases of additive noise, guaranteeing similar noise energy
levels as illustrated in Figures 2a and 2b and providing a con-
sistent basis for comparing the effects of these perturbations.

Signal in the time domain

Our initial analysis examines a single trace affected by both ad-
ditive and multiplicative noise in the time domain, as depicted
in Figure 3.
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Figure 3: Noisy trace in the time domain, with the clean signal
overlaid for comparison, showcasing the effects of (a) additive
and (b) multiplicative noise.
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Additive noise produces a uniform effect over time, leaving
the position and energy of the central lobes slightly perturbed
(Figure 3a), while multiplicative noise results in a varied im-
pact, with mixed sporadic bursts and quieter regions (Figure
3b). Characteristically, multiplicative noise maintains the sig-
nal’s overall energy (| R |= 1) but redistributes energy from the
central lobe to other parts of the trace, resembling a scattering
process.

We analyze the amplitude and phase in the frequency domain
to delve deeper into noise characteristics.

Amplitude Spectra

Figure 4 illustrates the amplitude spectra for a single trace
affected by each type of noise. Additive white noise mod-
ifies the amplitude spectrum, introducing peaks and valleys,
resulting in an overall increase in average energy (signal plus
noise) compared to the original signal. In contrast, multiplica-
tive noise, affecting only the signal’s phase, leaves the ampli-
tude spectra unchanged before and after perturbations. Despite
the significant reduction of the central lobe’s energy (as seen
in Figure 3b) suggesting attenuation, this apparent paradox
is resolved when considering that complex phase adjustments
merely redistribute energy within the time window, maintain-
ing overall energy consistency.
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Figure 4: Amplitude spectra of a noisy trace, with the clean
signal’s spectra, overlaid in the Fourier domain for (a) additive
and (b) multiplicative noise.

Phase Spectra

We analyze the phase distribution within the frequency domain
for both types of noise, pre- and post-perturbation. Since mul-
tiplicative noise significantly impacts phase, understanding its
effects is crucial. Figure 5 demonstrates that phase alterations
due to multiplicative noise are more pronounced from low fre-
quencies onwards. While statics introduce negligible changes
at low frequencies, phase variations occur from these frequen-
cies due to phase perturbations, which are assumed to have a
constant standard deviation across the entire frequency band.
In contrast, additive noise results in smaller deviations. Upon
examining the wrapped residual phase difference between per-
turbed and clean signals, we find that both display symmetric,
near-normal distributions at a fixed frequency (Figure 6). This
phase spread is notably more pronounced with multiplicative
than additive white noise, even when both have comparable
SNRs. This is consistent with the observations presented in
Figure 5.

Thus, an important conclusion from the statistical analysis of
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Figure 5: Wrapped phase spectra for noisy signals with clean
signal overlays in the Fourier domain for (a) additive and (b)
multiplicative noise.
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Figure 6: The residual phase distribution at 20 Hz across var-
ious noises: (a) shows the distribution for additive noise at an
SNR of -1.2 dB, while (b) depicts the distribution for multi-
plicative noise attributed to phase perturbations with a standard
deviation of o = /3, achieving a similar SNR of -1.2 dB.

the residual phase indicates that determining the type of noise
affecting our data—be it additive or multiplicative—cannot be
conclusively inferred from these distributions alone.

EFFECT OF LOCAL STACKING

The result of the local stacking of k traces in the frequency
domain for additive noise is expressed as:

k
§(@) =+ 37(5(0) + Ni(0). @

For a white Gaussian noise distribution, the mean of the noise
components tends to zero with increasing N,

k
1
22 Ni(@)=0. ®)

For multiplicative noise, local stacking is represented by the
following equation:

S(w) = !

=1

k
D (S(@) + Ri()). ©)
k=1

Considering that 7; and y;(w) are independent of each other
and both random normally distributed with standard deviations
oy and o7, mathematical expectation of the stack can be writ-
ten as (Bakulin et al., 2022)

252 2
(0%07) N

E[S(w)] =| S(w) | (@7 7. 7
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Significantly, stacking recovers the clean signal phase while at-
tenuating the amplitudes due to residual statics and phase per-
turbation. Berni2 aznd Roever (1989) previously derived expo-
nential loss e~ (0275) analyzing intra-array residual statics with-
out using a multiplicative noise model. To verify this effect
numerically, we stack 100 traces perturbed by both types of
noise and conduct further analysis in both time and frequency

domains.
Stacked signal in the time domain

Consistent with the theoretical equations discussed earlier, sta-
cking in the presence of additive noise yields a good approxi-
mation of the signal with only minor deviations, as illustrated
in Figure 7a. On the other hand, stacking under multiplicative
noise presents a more complex scenario. While the main lobes
align well with the clean signal, indicating a successful sig-
nal recovery in phase, their energy is significantly attenuated,
as depicted in Figure 7b. This attenuation presents substantial
challenges, especially in practical situations with limited data,
complicating the restoration of the original signal amplitude.
This suggests that addressing speckle noise before stacking
should emerge as an essential strategy for signal recovery in
such contexts.
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Figure 7: Stacked signal overlaid on the clean signal in the
time domain for (a) additive and (b) multiplicative noise.

Amplitude Spectra

Figure 8 shows amplitude spectra after stacking to demon-
strate the amplitude decay phenomenon. In the case of ad-
ditive noise, we observe the restoration of distorted amplitude
spectra, aligning with our expectations. In the case of multi-
plicative noise, we observe a drop in energy and escalating loss
with frequency, consistent with equation (7). The observed dif-
ference in the multiplicative noise pattern can help us identify
multiplicative noise in seismic data.
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Figure 8: Amplitude spectra variation with frequency in
Fourier domain after stacking for (a) additive and (b) multi-
plicative noise.
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Phase Spectra

The phase spectra analysis post-stacking demonstrates effec-
tive phase recovery for both additive and multiplicative noise,
as shown in Figure 9. The residual phases after stacking were
further examined by repeating the process 100 times and cal-
culating the residual phase against the original traces, yielding
100 realizations of the residual phase. This process reveals
a significant reduction in the distribution of residual phases
post-stacking. When comparing the residual phase distribu-
tion before and after stacking (refer to Figures 10 and 6), we
observed a nearly tenfold decrease in spread for both types of
noise, aligning with the expected ﬁ law. This analysis pro-
vided valuable insights into how stacking influences phase per-
turbations and contributes to signal restoration amidst additive
and multiplicative noise.
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Figure 9: Wrapped phase spectra after stacking 100 noisy
traces affected by (a) additive and (b) multiplicative noise, with
the clean signal’s phase shown for reference.
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Figure 10: The residual phase distribution at 20 Hz post-
stacking of 100 noisy traces impacted by (a) additive and (b)
multiplicative noise.

Phasor Summation: An Intuitive Explanation

To decipher the impact of stacking on amplitude in the com-
plex plane, we draw upon phasor summation, a concept previ-
ously used in speckle studies in optics, as discussed by Good-
man (2007). Figure 11a demonstrates an initial vector at a spe-
cific frequency with amplitude A for the case of additive noise.
Given that noise vectors are uniformly distributed in all direc-
tions, we consider them in pairs, such as N and -N, resulting in
perturbed signals represented by vectors R; and R,. Summing
these vectors forms a parallelogram (Figure 11a). The geome-
try of parallelograms, where diagonals bisect, means the total
of vectors R; and R; is 2A. Averaging these vectors leads to
a return to amplitude A, illustrating that summing each noise
vector pair preserves the original amplitude. By summing and
normalizing all pairs, the stacking process consistently accu-
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mulates the amplitude for the stacked signal, aligning with the-
oretical predictions for complete recovery without attenuation.

In contrast, multiplicative noise affects only the signal’s phase,
altering the vector by an angle 6 that follows a symmetric
normal distribution (equation 3) without changing amplitude.
Considering noise vectors as pairs 0 and —8, due to the sym-
metric nature of phase perturbations in multiplicative noise
(Figure 11b), the combination of these vectors forms a rhom-
bus with diagonal length A(v/2+2cos0). Averaging these
vectors sum, as equation (6) indicates, the post-stacking am-
plitude consistently equals or is less than the original A, with
greater O leading to more attenuation. Summing all perturbed
signal pairs results in a final stacked amplitude less than A,
demonstrating attenuation increases with more significant phase
perturbations, as described in equation (7).

Re Re

Figure 11: Stacked amplitude analysis through phasor summa-
tion in the complex plane for (a) additive and (b) multiplicative
noise.

CONCLUSIONS

Our investigation into the difference between additive and mul-
tiplicative noises has illuminated their unique impacts on seis-
mic signals and stacking-based processing. We have delin-
eated the differences between these noise types, noting how
they influence phase and amplitude spectra in both time and
frequency domains. Our findings underscore that while stack-
ing effectively neutralizes additive noise, it struggles against
the complexities introduced by multiplicative noise.

Specifically, we demonstrated stacking’s different capacities
for recuperating the original signal’s phase for both noise types.
Numerical examples make it evident that local stacking cannot
fully recover the original amplitude within the time domain,
nor can it fully restore amplitude spectra in the frequency do-
main when dealing with multiplicative noise. This underscores
the nuanced challenge multiplicative noise presents in seismic
data analysis.

One can conclude that more sophisticated methodologies are
needed for noise identification and tailored mitigation strate-
gies for seismic land data processing in complex near-surface
environments.
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